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Abstract:

The most common type of quantum correlations is quantum entanglement, which plays an
indisputable vital role in a number of quantum information theory tasks, including quantum
teleportation, quantum dense coding, and quantum cryptography. However, current findings
indicate that different Entanglement is not necessary for applications in quantum information
theory, and their performance can be described by a novel kind of quantum correlations that
transcends entanglement. The most well-liked candidate for such widespread quantum
connections is quantum discord, which Zurek first proposed more than ten years ago. We
provide an overview of this current line of inquiry in this work. Following a brief overview of
the fundamental ideas of quantum theory and entanglement, we introduce quantum discord
and generic quantum correlations and go over three applications that are predicated on this
novel kind of correlation: transmission of correlations, entanglement dispersion, and remote

state preparation. We also provide an outlook for future research in this area.

Keywords: Quantum information , quantum correlations, quantum teleportation, quantum
cryptography, entanglement dispersion

1. INTRODUCTION

Since the beginning of quantum theory, scientists have been captivated with quantum
entanglement [1],[2]. Entangled quantum systems can exhibit peculiar behaviours that seem
to go against "our common sense notions of how the world works" [3]. In a groundbreaking
study, Einstein, Podolsky, and Rosen initially noted this and came to the conclusion that there
must be gaps in the quantum theory [4]. But roughly thirty years after Einstein's criticism,

Bell suggested an experiment that sought to differentiate between Einstein's reasoning and the
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predictions of quantum theory [5]. Clauser, Horne, Shimony, and Holt developed an
inequality that is now known as the CHSH inequality based on Bell's concepts [6].According
to Einstein et al., nature ought to respect the CHSH inequality, and the fact that it can be
violated in quantum theory demonstrates the incompleteness of quantum mechanics.
Freedman and Clauser were able to test the CHSH inequality empirically shortly after its
discovery because of its simplicity [7].

The findings supported the quantum mechanical explanation of nature by demonstrating a
violation of the CHSH inequality, which invalidated Einstein's claims. Aspect et al.
conducted three trials later in 1981/82 [8]-[10], corroborating Freedman and Clauser’s
findings. Since then, a number of studies have showed a breach of the CHSH inequality ,
however there willsome gaps [11] .Werner expanded the concept of entanglement to include
all mixed quantum states in 1989, which is when the formal definition of entanglement as we
understand it today originated [12]. The theory of entanglement, which examines the
characteristics and consequences of entanglement as well as its application to basic tasks like
quantum cryptography [13], quantum dense coding [14], and teleportation [15], can be seen
as having its roots in Werner's work. The Horodecki family also made several significant
contributions to the theory of entanglement, including The finding of bound entanglement is
one example [16]. Although they can't be utilized to extract any pure entangled state, bound

entangled states require some entanglement to be formed.

Provides a thorough analysis of this subject. Entanglement's function in quantum algorithms
is still hotly contested. This is because Jozsa and Linden's findings shown that entanglement
is necessary for a quantum computer working in a pure state to achieve an exponential
speedup over classical processing. [17], [18]. There is compelling evidence for the existence
of a quantum computer, even though its exponential speedup has not yet been conclusively
demonstrated. Shor's prime factorization algorithm, which was presented in [19], is among
the most well-known examples pointing in this direction. On a quantum computer, the
procedure may determine the prime factors for any product of two primes; the computing
time increases polynomially with the number of input bits. Compared to the most well-known
classical approach, which shows an exponential increase in running time, this is substantially
faster. One could be tempted to view entanglement as the primary resource for quantum

computation because it is present in Shor's algorithm . This is true for pure state quantum
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computation, but when mixed state quantum computation is taken into account, things get
more complicated. A popular example for mixed state quantum computation has been
presented by Knill and Laflamme [20]. Remarkably, even with vanishingly little
entanglement, their approach can effectively handle some problems for which no effective
classical algorithm is known [21]. The hunt for quantum correlations beyond entanglement,
which should account for a quantum computer's efficiency, was spurred by this discovery.
Since its introduction by Zurek in 2000, quantum discord has been acknowledged as a
potential candidate for such general quantum correlations [22],[ 23]. On the one hand, non-
entangled systems can also exhibit quantum discord. However, it has been demonstrated that
Knill and Laflamme's approach displays a nonvanishing amount of discord [24]. He thought
about how much work a classical and quantum Maxwell's demon could take from a quantum
system. He demonstrated how the quantum demon is more potent since it can affect the entire
quantum state, whereas the classical demon can only affect particular subsystems only
[25],[26].

Henderson and Vedral developed a closely comparable quantity about the same time as Zurek
established quantum discord [27]. By assuming a number of plausible characteristics, the
authors sought to divide correlations into quantum and purely classical components. This
strategy differs greatly from Zurek's, therefore it's unexpected that both produce the same
outcome. The information deficit, as described in [28], is another related quantity. The
writers Examine how much work can be extracted utilizing a mixed quantum state from a
heat bath. When two parties share a mixed state, there is typically less extractable work than
when one party owns the entire state. Given these findings, it should come as no surprise that
jobs in quantum information theory that are not entanglement-based have received a great
deal of attention in recent years [29]. Some of those tasks, such as remote state preparation
[30] and information encoding[31] have been linked to quantum discord. There have also
been experimental methods for identifying general quantum correlations[32].Within In this
work, we provide an overview of broad quantum correlations that go beyond entanglement
and provide a thorough analysis of their application to entanglement distribution [33],[34] ,
transmission of correlations [35], [36]. The mathematical foundation of quantum theory is
first briefly reviewed, and then quantum entanglement is briefly introduced. Following the
introduction of quantum discord and associated quantifiers of quantum correlations, we go

over their significance in quantum information theory and provide a brief overview of other
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research avenues.

2. Objectives

1. To explain the fundamentals of quantum theory and quantum entanglement.
2. To study quantum correlations beyond entanglement and their applications in quantum

information processing.

3. Literature Review

Developed in the early 20th century to explain phenomena that classical mechanics was
unable to describe, quantum theory is one of the most important and successful frameworks
in contemporary physics. Max Planck (1900) introduced the idea of energy guantization in
his explanation of blackbody radiation, laying the groundwork for

quantum theory. Albert Einstein's explanation of the photoelectric phenomenon in 1905,
which demonstrated how light behaves as discrete energy packets known as photons, further
reinforced this theory. A new understanding of microscopic physical systems began with

these works.

The separate formulations of Schrodinger's wave mechanics (1926) and Heisenberg's matrix
mechanics (1925) led to the formal development of quantum mechanics. Born (1926) gave
the probabilistic interpretation of the wavefunction, while Schrdédinger introduced the wave
equation that explains the evolution of a quantum system's wavefunction. When taken as a
whole, these contributions demonstrated that quantum observations are statistical, which is a
significant divergence from deterministic classical physics.

The superposition principle, which asserts that a quantum system can exist in several states
concurrently until a measurement is made, is a significant outcome of quantum theory.
Quantum entanglement, or non-classical correlations between particles, is directly caused by
this principle. In their well-known EPR conundrum, which called into doubt the completeness

of quantum physics, Einstein, Podolsky, and Rosen (1935) introduced the idea of
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entanglement. They contended that correlations between entangled particles appear to go
against local realism.

Erwin Schrodinger (1935) explicitly established the word entanglement in reaction to the
EPR dilemma, characterizing it as a defining feature of quantum physics. Bell's inequalities
were later developed by John Bell in 1964, which allowed for the experimental comparison
of local hidden variable theories with the predictions of quantum mechanics. Bell's
inequalities were definitively violated by Aspect et al. (1982) and later experiments,
demonstrating the non-local character of quantum entanglement and bolstering the
predictions of quantum theory.!

The practical significance of quantum entanglement in developing technologies has been
highlighted in recent publications. According to studies by Bennett et al. (1993) and Ekert
(1991), entanglement is a crucial resource in quantum computing, quantum cryptography, and
quantum teleportation. Entanglement plays a crucial role in the development of quantum
information science and is now being studied in condensed matter systems, quantum

communication networks, and quantum metrology.

4. Research Methodology

Quantum theory adheres to a unique scientific methodology and is not only a collection of

equations:

(a) Description based on state

A quantum state (wave function y) describes every physical system.

All possible information about the system is contained in the state.

Properties don't have definitive values until they are measured, in contrast to traditional

physics.

(b) The principle of superposition
A system can be in more than one state at once.
An electron, for instance, can exist in multiple locations simultaneously.

In terms of math:
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ly)=C1]1)+C212)

(c) Observables and operators
Operators are used to represent physical quantities such as position, momentum, and energy.

Applying an operator to a quantum state is equivalent to measurement.

(d) Interpretation of probability
Probability amplitudes are used to forecast measurement results.
Probability is obtained by squaring the wave function.

P=lyl2

e) Wave function collapse and measurement

The system is in superposition prior to measurement.

The system collapses to a specific state upon measurement.
Philosophical discussions result from this:

>Copenhagen interpretation

>|Interpretation of many worlds

>Theories of objective collapse

Quantum entanglement adheres to a unique scientific methodology :

(a) Quantum theory's composite systems
Quantum theory uses a composite wave function to describe interactions between two or

more particles:
ly)total#y1)y2)

(a) Entanglement definition

When two particles are entangled:

It is impossible to divide their unified state into distinct states.

When one is measured, the other's condition is immediately ascertained.

For instance:
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ly)=21(11 )+ 1))

(c) Measurement techniques and entanglement

The entire entangled wave function collapses when one particle is measured.
Regardless of distance, this occurs.

1 This questioned traditional notions of:

Locality

Separate reality

It was described by Einstein as "spooky action at a distance."

(d) Relativity is not violated
Information cannot be sent more quickly than light through entanglement.

Usable signals do not surface instantly, but correlations do.

5. Quantum theory

5.1 Quantum states

A state vector |¥; in a Hilbert space H fully characterizes any physical system in quantum
mechanics. Another name for a system having a two-dimensional Hilbert space is a qubit
(quantum bit). We consider a Hilbert space of arbitrary but finite dimension, unless otherwise
noted. For two parties, Alice (A) and Bob (B), with Hilbert spaces HA and HB the total
Hilbert space is a tensor product of the subsystem spaces: HAB = HA ® HB.

A system is considered to be in a pure state if it can be described by a single state vector.
Nevertheless, the physical state of the system under consideration is not entirely understood
in a true experimental setup. If the system has probability p; and is in the pure state y; .The
density operator can be used to describe the system's physical

condition.
p = X pi [wii hyil. (5.1)

Such a system is said to be in a mixed state. When we refer to quantum states in the
following, we typically mean mixed states .Any density operator must have the following two
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properties in order to have a valid physical interpretation:

* p has trace equal to one:
Trlp] =1,
(5.2)

* p is a positive operator:

hy|plyi=0
(5.3)

It should be noted that the second property also suggests that p is Hermitian: p = p. The

definition of quantum measurements and operations, which is provided in the following.

5.2 Quantum measurements and operations
Quantum measurement is one of the most important concepts in quantum theory. Most
physicists are familiar with the projective measurement: for a spin- 1 2 particle in the state
lyi=al|ti+b|li,
(5.4)

The probability to measure “spin up” or “spin down” is given by p(1) =|a| 2 or p(]) =|b| 2 =
1 — p(1). Moreover, the measurement postulate of quantum mechanics tells us that the
quantum state after the measurement is either |11 or ||i, depending on the outcome of the
measurement.

In quantum information theory, a more general definition is considered. A general quantum
measurement is described by a collection {E;} of measurement operators that satisfy the
completeness equation:

XiEtiE=1,
(5.5)
Where 1 is the identity operator. Given a density operator p and the set of measurement

operators {E;}, the probability that the result i occurs is given by
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pi = Tr[E 1 Eip].

(5.6)
After the measurement with outcome i, the state of the system is described by the density
operator
pi=1pi (EipE t1).
(5.7)
The set of operators Mi=E t1Ei
(5.8)

is also called positive operator-valued measure (POVM). Due to the completeness equation
(5.5), the POVM elements Mi sum up to the identity operator: P i Mi = 1. Moreover, due to
Eqg. (5.6) the probabilities pi can also be obtained from the POVM elements Mi: pi = Tr[Mip].
The positivity of the density operator p in Eq. (5.3) implies that all probabilities are
nonnegative: pi > 0. The completeness equation (5.5) together with Eq. (5.2) implies that the
probabilities sum up to one: P i pi = 1.

For a projective measurement, the operators Ei are orthogonal projectors: EiEj = 6i jEi . Von
Neumann measurement is a special type of a projective measurement, where the
measurement operators Ei are orthogonal projectors with rank one. Such a measurement was
considered below Eq. (5.4), there the measurement operators are ET =|fi ht|and E| = ||i h||.
In general, the measurement operators do not have to be projectors, they only need to satisfy
the completeness equation (5.5).

For composite systems consisting of two subsystems, Alice and Bob, it is possible to perform
local measurements on one of the subsystems. If a local measurement is done on Alice’s
subsystem, the subsystem of Bob remains unchanged. In this case, the measurement operators
have the form Ei = E A i @1 B, with the identity operator 1 B on Bob’s Hilbert space.
Similarly, measurement operators corresponding to local measurement on Bob’s subsystem
have the formEi=1 A Q EB i.

Finally, we also mention the concept of quantum operations, which is closely related to
guantum measurements. Any set of measurement operators {Ei} can also be called a quantum
operation. The corresponding operators Ei are then called Kraus operators. The action of a

quantum operation {Ei} on a density operator p is given by
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A () = X i EipE t+ i
(5.9)

Local quantum operations for composite systems can be specified in the same manner as
local measurements. Because they describe the most general modification of a quantum state
that can be achieved in experiments, quantum operations are significant. Additionally,
quantum processes are crucial to the study of noisy systems: Typically, noise is represented

as a quantum operation.

5.3 Reduced density operator

Sometimes one is only interested in one of the subsystems of a composite quantum system.
This situation is captured by the concept of the reduced density operator. If the total system is
described by the density operator p AB, then the system of A is described by the reduced
density operator.

p A =TrB[p AB],

(5.10)

Where TrB is called partial trace over the subsystem B. The partial trace is defined by

TrB[Jali ha2| ® |bli hb2[] = [ali ha2| Tr[bli hb2]],
(5.11)

where |ali and |a2i are any two vectors in HA, and |bli and |b2i are any two vectors in HB.
The trace on the right hand side is the usual trace for the subsystem B: Tr[|bli hb2|] =
hb2|bli. In addition to Eq. (5.11), we also require that the partial trace is linear, i.e.,
TrB[MAB + N AB] = TrB[MAB] + TrB[N AB] for any two operators MAB and
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N AB. In this way, the partial trace is defined for all density operators. The physical meaning
of the partial trace lies in the fact that it is the unique operation for obtaining correct
measurement statistics for the subsystem A.

5.4 Entropy and mutual information

The von Neumann entropy of a quantum state with density operator p is defined as
S (p) =—Tr[p log2 p],
(5.12)
where the logarithm of the density operator p is defined via its Eigen values Ai and
eigenstates |ii in the following way: log2 p = P i log2 (Ai) [ii hi|. With this definition, the
entropy can be written as
S (p)=—XiA\ilog2 M,
(5.13)
where it is defined that 0 log20 = 0.
The von Neumann entropy is the quantum version of the classical Shannon entropy. For a
discrete random variable X which can take a value x with probability px, the Shannon
entropy is defined as
H(X) =— X x px log2 px.
(5.14)

The von Neumann entropy quantifies the uncertainty of a quantum state, much like the
Shannon entropy does for a classical random variable. Since their von Neumann entropy is
zero, pure states signify complete understanding of a quantum system. However, in contrast,
the completely mixed density operator 1/d with the von Neumann entropy log2 d represents
maximal uncertainty for a d-dimensional Hilbert space. The mutual information between two
parties can be defined using the von Neumann entropy. The mutual information is defined as
follows if the density operator p AB provides the complete state with reduced density
operators p A and p B.
I(pAB)=S(pA)+S(pB)—S(pAB).
(5.15)
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The mutual information is zero if the state is completely uncorrelated, i.e., if the density
operator has the form p AB =p A ® p B . Otherwise, the mutual information is greater than
zero: it measures the amount of correlations between A and B. Closely related to the von
Neumann entropy is the quantum relative entropy. For two density operators p and o it is
defined as

S (pllo) = Tr[p log2 p] — Tr[p log2 o]
(5.16)
if the support of p is contained in the support of ¢, and S (p||c) = +oo otherwise. The quantum
relative entropy is nonnegative, and zero if and only if p = 6. The mutual information defined
in Eq. (5.15) can be written as the relative entropy between the density operator p AB and the
tensor product of the reduced density operators p A @ p B [37]:
I(p AB)=S (p AB|p A ® p B).
(5.17)

5.5 Distance between density operators

Given two quantum states, how “close” are they to each other? This question, can be
answered by defining an appropriate distance onto the set of density operators. One important
and frequently used distance is the trace distance

Dt (p,0)=12Tr|p — o,
(5.18)

Where p and o are any two density operators, TrjM| = Tr ¥ M+tM is the trace norm of an
operator M, and the square root of a Hermitian operator MM with nonnegative eigenvalues
Ai and eigenstates [ii is defined as ¥ M+M = P i v Ai [ii hi|. The trace distance satisfies all
properties of a general distance D:

* D(p, 0) >0, and D(p, 6) = 0 holds if and only if p = o,

* D is symmetric: D(p, o) = D(o, p),

D satisfies the triangle inequality: D (p, t) < D (p, 6) + D (o, 1) for any three density

operators p, ¢, and T.

276


https://doi.org/10.5281/zenodo.20518876

\

CPIJR

Proceedings of International Conference on "Recent Innovations in Engineering, Technology
& Science for Sustainable Development (RIETSSD-2026)"

ARE , Career Point International Journal of Research (CPIJR)
.(immmggml.:?i}:]m{ ©2022 CPIJR | Special Issue | ISSN : 2583-1895
Conference Paper | DOI: https://doi.org/10.5281/zen0d0.20518876

In quantum information theory, the trace distance has an important interpretation: 1 2 + 1 2Dt
(p, o) is the optimal probability of success for distinguishing two quantum states with density
operators p and o [38]. Another frequently used quantity is the fidelity. For two density
operators p and o it is defined as
F(p,0)= Trq pop2.

(5.19)

The fidelity itself is not a distance, since it is one if and only if p = o, and smaller than one
otherwise. However, the fidelity can be used to define the Bures distance: DB (p, 6) =2(1 —p

F (p, o)), which satisfies all properties of a mathematical distance.

Both, the trace distance and the Bures distance have also another important property, namely
they are non increasing under quantum operations:
D (A (p), A (0)) <D (p, o),
(5.20)

where A is any quantum operation and p and ¢ are any two density operators. In quantum
information theory, this feature is often employed, particularly when examining entanglement

and other quantum correlations.

It should be noted that there are distances that contradict the inequality (5.20) since it does
not follow from the general features of a mathematical distance. The Hilbert-Schmidt
distance is one such distance.
DHS (p, o) =kp — ok,

(5.21)
where kMk = p Tr[M{M] is the Hilbert-Schmidt norm of an operator M. For the Hilbert
Schmidt distance violation of Eq. (5.20) was shown in [39], [40].
Lastly, because it is not symmetric and does not meet the triangle inequality, the relative
entropy created in Eq. (5.16) is not a distance in the mathematical sense. Nevertheless, under
guantum processes, the relative entropy is non increasing, meaning it meets inequality (5.20)
[41].

6. Quantum entanglements
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6.1 Definition

For two parties, Alice (A) and Bob (B), the state of the total quantum system can have
product form: i = lai &® by,
(6.1)
where the associated local Hilbert spaces HA and HB include the states |a; and |b;.
States of the type described in Eq. (6.1) are also referred to as separable since they are not
entangled. But since quantum mechanics also permits superpositions that are not separable,
not all states are
unavoidable product:
|@=1N (Jal; @ |bli+ [a2; @ [b2;),
(6.2)

where N assures normalization such that h®@|®i = 1. If |®i cannot be written as a product, i.e.,
|®i, |ai @ |bi, the state is called entangled.
Example: The singlet state |®i = 1 ¥ 2 (|01i — [10i) is entangled, it cannot be written as a
product.
A mixed state is separable if it can be written as a convex combination of pure product states:
psep = X i pi |aii hai | @ |bii hbi |.
(6.3)

The local Hilbert spaces HA and HB contain the pure states |aii and |bii, and pi > 0 are
probabilities that add up to one: P i pi = 1. In the event that the state cannot be expressed in
this way, it is known as intertwined.

This concept of entanglement is based on the following premise: let's say Alice and Bob can
locally create any quantum state. They also have access to a traditional means of
communication, like a phone. Then, using the process described in Eq. (6.3), Alice and Bob
can create any separable state: Alice uses the probability pi to prepare the state |aii, and she
informs Bob of the state she prepared. Bob prepares the appropriate state based on this
information. , Bob prepares the corresponding state |bii. On the other hand, it is not possible

to create entangled states such as the singlet state in this way.
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6.2 Local operations and classical communication

The method for generating separable states described above is a member of the local
operations and classical communication (LOCC) class, which was first published in [42]. If
Alice and Bob are restricted to classical communication alone, this class of operations
represents the most general process they may use in quantum theory. The whole
mathematical explanation of these procedures is difficult and yet the focus of a lot of research
[43]. Nonetheless, the overall concept is straightforward and will be clarified as follows. A
quantum operation WYLOCC for two parties, Alice and Bob, is in the LOCC class if it can be
broken down into the subsequent steps:

1. A local measurement is carried out on Alice's subsystem by one of the parties.

2. Bob, the opposite party, is informed of the measurement's result in a traditional manner.

3. Bob measures his subsystem locally based on the data he has received.

4. Alice receives the results of Bob's measurement in a traditional manner.

5. Alice measures her subsystem locally based on the information she has received, and the
procedure repeats at step 2.In quantum information theory, the class of LOCC is crucial,
particularly when examining entanglement. As previously stated, LOCC can be used to

produce any separable state. However, entangled states cannot be produced via LOCC.

6.3 Entanglement as a resource

Prior to the 1990s, quantum entanglement was primarily thought of as a physics curiosity—
an unusual characteristic with no real-world applications. When Ekert introduced the first
entanglement-based task in quantum information theory in 1991, things began to shift. In his
work, Ekert demonstrated that two parties, Alice and Bob, can communicate in a totally safe
manner if they share a significant number of entangled singlet states. This process is known
as quantum key distribution, or quantum cryptography. This impressive outcome should be
contrasted with modern classical cryptography.

Inspired by Ekert's finding, a number of entanglement-related activities have been introduced
in subsequent years. Bennett and Wiesner demonstrated in 1992 that two entangled parties
could exchange two classical bits using just one qubit, or one quantum system on a two-
dimensional Hilbert space. Because it implies that two classical bits can be coded into one

quantum bit, this activity is also known as quantum dense coding. An additional use for
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entanglement has been suggested. The writers examined the assignment. of two parties
communicating an unknown quantum state. Since an unknown quantum state cannot be
duplicated, it cannot be conveyed by classical methods [44].

However, Bennett et al. demonstrated that any unknown quantum bit can be perfectly
transmitted if the two parties share an entangled singlet. Another name for this task is

quantum teleportation.

6.4 Entanglement measures

The aforementioned tasks—quantum cryptography, dense coding, and teleportation—
showcase the function of entanglement in a particularly specific scenario. Specifically, to
accomplish these duties, two parties, Alice and Bob,

must share entangled singlets. Nevertheless, a pure quantum state is not always a singlet, and
in practical situations, the quantum state is typically mixed. For Because of this, it is
reasonable to wonder if some of these activities can

also be performed using a general mixed quantum state. The degree of entanglement in a
quantum state is typically used to gauge its "usefulness™ for one of the aforementioned tasks.
The distillable entanglement is one of the most

widely used quantifiers [45]: It is defined as the maximum number of singlets that, if the
number of copies increases to infinity, may be acquired per copy of a given mixed state using
local operations and classical communication. The primary drawback of distillable
entanglement is its difficulty in assessment. As a result, only a few unique situations are
known to have exact expressions. Other quantifiers, referred to as entanglement measures,
have been put out in the literature as a result. The following two characteristics are satisfied
by any entanglement measure:

1. Under local operations and classical communication, E does not rise;

2. On separable states, E disappears.
For a pure state |yi AB distributed between two parties, Alice and Bob, entanglement is

usually quantified by the von Neumann entropy of the reduced density operator p A =
TrB[|yi hy| AB]:
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E(lwi AB)=S (p A)=— XiAilog2 M,
(6.4)

The significance of this quantity in quantum information, where Ai are the eigenvalues of p A
idea stems from the fact that for all pure states, it is equivalent to the distillable entanglement
[46].

The literature considers two major groups of entanglement measurements for a mixed state p
AB. Convex roof measures and distance-based measures are two of them. The following
convex roof architecture can be used to extend any measure of entanglement E defined on all
pure states to mixed states [47]:

E(p) = inf {pi ,|yii} X i piBE(|yii),
(6.5)

Where the infimum is taken over all decompositions {pi, |yii} of the given density operator p
with nonnegative probabilities pi , i.e.,

p="Pipi|yii hyi |.

One of the most widely used and well-liked convex roof metrics for bipartite systems is the
entanglement of formation defined. It is defined as the von Neumann entropy of the reduced
density operator in Eqg. (6.4) for pure states. The process of extending to mixed states
involves the construction of the convex roof in Eq. (6.5). Wootters provided a closed
expression for the entanglement of formation for all mixed states of two qubits [48], despite
the fact that the infimum in Eq. (6.5) is generally difficult to estimate. The entanglement of
formation Ef for any such state is determined by
Ef(p)=h12+12q1-C2(p)!

(6.6)

with the binary entropy h(x) = —x log2 x — (1 — x) log2 (1 — x), and the concurrence C(p) =
max{0, Al — A2 — A3 — A4}, where A are the square roots of the eigenvalues of pp™ in
decreasing order, and “p is defined as "p = (cy @ oy)p * (cy @ oy) with the Pauli matrix oy

= 0 —11 0 LIit does not increase under local operations and classical communication and
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vanishes on separable states. While the second property is easy to verify, the first property
was proven.
The second main class of entanglement measures are measures based on distance proposed in
[49]. All those measures can be written as
E(p) = inf €S D(p, o),
(6.7)

where D is a distance and the infimum is taken over the set of separable states S. If the
distance D does not increase under quantum operations, i.e.,

D(A(p), A(o)) < D(p, )

(6.8)

for any quantum operation A and any two states p and o, then the corresponding measure of
entanglement does not increase under local operations and classical communication [49].
This property is satisfied by the relative entropy S (p|lo) = Tr[p log2 p] — Tr[p log2 o],
although the relative entropy is not a distance in the mathematical sense. The corresponding
measure of entanglement is called relative entropy of entanglement:

ER(p) = min 6€S S (p|[o).

(6.9)

One of the most well-liked and extensively researched measurements of entanglement is the
relative entropy. One explanation is because quantum information theory heavily relies on the
relative entropy itself. Additionally, the relative entropy of entanglement is a potent
distillable entanglement upper bound . As we previously said, if the distance fulfills Eq. (6.8),
then all distance-based entanglement measures do not rise under local operations and
classical transmission. Any realistic measure of entanglement should meet this requirement.
Furthermore, in separable states, any entanglement measure ought to disappear as well. This
is also clearly true for any distance

D(p, o), which is greater than zero otherwise and zero if and only if p = G.
Lastly, we discuss the relationship between three of the metrics discussed in this section: the

entanglement of formation (Ef), the relative entropy of entanglement (ER), and the distillable

entanglement (Ed). These measurements satisfy the inequality, as demonstrated in [50].
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Ed <ER <Ef
(6.10)

for all mixed states, i.e., the relative entropy of entanglement is always between Ed and Ef .

7. DISCUSSION

When compared to entangled states, Dakic et al. find that a shared separable state can
perform better for remote state preparation. Specifically, if Alice and Bob adhere to the
protocol exactly—that is, if Alice does von Neumann measurements and Bob conditionally.
There are situations when shared states without any entanglement can perform better than
shared entangled states when a 7 rotation is applied around a specific axis. Dakicé et al.
established a reward function P as a measure of the process's performance and shown that, in
many cases, the average optimal payment is constrained below by the geometric measure of
discord.

Dakic et al. established a reward function P as a measure of the process's performance and
shown that, in many cases, the average optimal payment is bounded below by the geometric
measure of discord. Discord ensures that remote state preparation can always be
accomplished with a nonzero average payout under these circumstances. There have also
been reports of experiments that support similar findings.

We conclude by discussing the current critique of this methodology. On the one hand, it was
demonstrated in that a state can result in a nonzero average reward even if local noise caused
its discord. Such states are unlikely to be helpful in quantum information theory, according
to. However, the protocol's limitation to Alice’'s von Neumann measurements and Bob's
conditional rotations was criticized in. This matter was further examined in, where it was
demonstrated that by easing these limitations, the benefit of if the standard fidelity (1 + r2 s)/2
is utilized as the protocol's figure of merit, separable states vanish. Nevertheless that, under
certain circumstances, separable states might still be advantageous for remote state

preparation with the standard fidelity (1 + r2 s)/2.

8. CONCLUSION
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Quantum entanglement is one of the most significant and scientifically confirmed effects of
quantum theory, which offers the basic foundation for comprehending microscopic events.
The literature demonstrates a distinct progression from fundamental discussions to real-world
applications. Our comprehension of nature at the microscopic level has been profoundly
altered by quantum theory. It demonstrates that, in contrast to conventional physics, particles
like electrons and photons do not have precise locations or energy until they are detected.
Rather, probability waves characterize their behavior, emphasizing the inherent uncertainty
and wave-particle duality seen in the quantum universe.

One of the most amazing outcomes of quantum theory is quantum entanglement. It shows
that no matter how far apart two or more particles are from one another, they can become
correlated to the point where their states are instantly connected. This non-classical
relationship has been experimentally confirmed, demonstrating the completeness of quantum

mechanics, and it cannot be described by classical physics.
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